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BREZIS - LIEB SPACES AND AN OPERATOR VERSION
OF BREZIS - LIEB’S LEMMA
E. Y. EMELYANOV1,2 AND M. MARABEH3
Abstract. The Brezis - Lieb spaces, in which Brezis - Lieb’s lemma
holds true for nets, are introduced and studied. An operator version of
Brezis - Lieb’s lemma is also investigated.
1. Introduction
Throughout the paper, (Ω,Σ, µ) stands for a measure space in which every
set A ∈ Σ of nonzero measure possesses a subset A0 ⊆ A, A0 ∈ Σ, such that
0 < µ(A0) < ∞. The famous Brezis - Lieb lemma [3, Thm.2] is known as
Theorem 1 [3, Thm.2], and as its corollary, Theorem 2 [3, Thm.1], and also
as Theorem 3 (cf. [12, Cor.3]), which is a corollary of Theorem 2.
Theorem 1 (Brezis - Lieb’s lemma). Let j : C → C be a continuous func-
tion with j(0) = 0 such that, for every ε > 0, there exist two non-negative
continuous functions φε, ψε : C → R+ with
(1.1) |j(x+ y)− j(x)| 6 εφε(x) + ψε(y) (∀x, y ∈ C).
Let gn and f be (C−valued) functions in L
0(µ) such that gn
a.e.
−−→ 0; j(f),
φε(gn), ψε(f) ∈ L
1(µ) for all ε > 0, n ∈ N; and let
sup
ε>0,n∈N
∫
Ω
φε(gn(ω))dµ(ω) 6 C <∞.
Then
(1.2) lim
n→∞
∫
Ω
|j(f + gn)− (j(f) + j(gn))|dµ(ω) = 0.
For a proof of Theorem 1, see [3].
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Theorem 2 (Brezis - Lieb’s lemma for Lp (0 < p <∞)). Suppose fn
a.e.
−−→ f
and
∫
Ω
|fn|
pdµ 6 C <∞ for all n and some p ∈ (0,∞). Then
(1.3) lim
n→∞
{∫
Ω
(
|fn|
p − |fn − f |
p
)
dµ
}
=
∫
Ω
|f |pdµ.
We reproduce here the arguments from [3] since they are short and instruc-
tive. Take j(z) = φε(z) := |z|
p and ψε(z) = Cε|z|
p for a sufficiently large
Cε. Theorem 1 applied to gn = fn − f ensures f ∈ L
p(µ), which, in view of
(1.2), completes the proof of Theorem 2. Theorem 3 below is an immediate
corollary of Theorem 2 (cf. also [12, Cor.3]).
Theorem 3 (Brezis - Lieb’s lemma for Lp (1 6 p < ∞)). Let fn
a.e.
−−→ f in
Lp(µ) and ‖fn‖p → ‖f‖p, where ‖fn‖p :=
[∫
Ω
|fn|
pdµ
]1/p
with fn ∈ L
p(µ)
and fn ∈ fn. Then ‖fn − f‖p → 0.
Theorem 3 is a Banach lattice type result if a.e.−convergence is replaced
by uo−convergence (cf. [9, Prop.3.1]). It motivates us to investigate the
general class of Banach lattices, in which the statement of Theorem 3 yields.
Even more important reason for such investigation relies on the fact that
all the above versions of Brezis - Lieb’s lemma in Theorems 1, 2, and 3, are
sequential due to the sequential nature of a.e.−convergence. It is worth to
mention that Corollary 1 may serves as an extension of the Brezis - Lieb
lemma (in form of Theorem 3) for nets.
In Section 2, we introduce Brezis - Lieb’s spaces and their sequential version.
Then we prove Theorem 4 which gives an internal geometric characterization
of Brezis - Lieb’s spaces. We also discuss possible extensions of Theorem 4
to locally solid Riesz spaces.
In Section 3, we prove Theorem 5 which can be seen as an operator version
of Theorem 1 in convergence spaces.
For the theory of vector lattices we refer to [1, 2] and for unbounded con-
vergences to [4, 5, 6, 10, 9, 8].
2. Brezis - Lieb spaces
Definition 1. A normed lattice (E, ‖ · ‖) is said to be a Brezis - Lieb space
(shortly, a BL−space) (resp. σ-Brezis - Lieb space (σ-BL−space)) if, for
any net xα (resp, for any sequence xn) in X such that ‖xα‖ → ‖x0‖ (resp.
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‖xn‖ → ‖x0‖) and xα
uo
−→x0 (resp. xn
uo
−→x0) we have that ‖xα − x0‖ → 0
(resp. ‖xn − x0‖ → 0).
Trivially, any normed Brezis - Lieb space is a σ-BL-space, and any finite-
dimensional normed lattice is aBL-space. Taking into account that a.e.−con-
vergence for sequences in Lp is the same as uo−convergence [9, Prop.3.1],
Theorem 3 says exactly that Lp is a σ-BL-space for 1 6 p <∞.
Example 1. The Banach lattice c0 is not a σ−Brezis - Lieb space. To see
this, take xn = e2n+
n∑
k=1
1
kek and x =
∞∑
k=1
1
kek in c0. Clearly, ‖x‖ = ‖xn‖ = 1
for all n and xn
uo
−→x, however 1 = ‖x− xn‖ does not converge to 0.
A slight change of an infinite-dimensional BL-space may turn it into a
normed lattice which is even not a σ−BL-space.
Example 2. Let E be a Brezis - Lieb space, dim(E) =∞. Let E1 = R⊕∞E.
Take any disjoint sequence (yn)
∞
n=1 in E such that ‖yn‖E ≡ 1. Then yn
uo
−→ 0
in E [9, Cor.3.6]. Let xn = (1, yn) ∈ E1. Then ‖xn‖E1 = sup(1, ‖yn‖E) = 1
and xn = (1, yn)
uo
−→(1, 0) =: x in E1, however ‖xn − x‖E1 = ‖(0, yn)‖E1 =
‖yn‖E = 1 and so, xn does not converge to x in (E1, ‖ · ‖E1). Therefore
E1 = R⊕∞ E is not a σ−Brezis - Lieb space.
In order to characterize BL-spaces, we introduce the following definition.
Definition 2. A normed lattice (E, ‖ · ‖) is said to have the Brezis - Lieb
property (shortly, BL-property), whenever lim sup
n→∞
‖u0+un‖ > ‖u0‖ for any
disjoint normalized sequence (un)
∞
n=1 in E+ and for any u0 ∈ E, u0 > 0.
Clearly, every finite dimensional normed lattice E has the BL−property.
The Banach lattice c0 obviously does not have the BL−property. The mod-
ification of the norm in an infinite-dimensional Banach lattice E with the
BL−property, as in Example 2, turns it into a Banach lattice E1 = R⊕∞E
without the BL−property. Indeed, take a disjoint normalized sequence
(yn)
∞
n=1 in E+. Let u0 = (1, 0) and un = (0, yn) for n > 1. Then (un)
∞
n=0
is a disjoint normalized sequence in (E1)+ with lim sup
n→∞
‖u0 + un‖ = 1. Re-
markably, it is not a coincidence.
Theorem 4. For a σ−Dedekind complete Banach lattice E, the following
conditions are equivalent:
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(1) E is a Brezis - Lieb space;
(2) E is a σ−Brezis - Lieb space;
(3) E has the BL-property and the norm in E is order continuous.
Proof. (1)⇒ (2) It is trivial.
(2)⇒ (3) We show first that E has BL-property. Notice that in this part of
the proof the σ−Dedekind completeness of E will not be used. Suppose that
there exists a disjoint normalized sequence (un)
∞
n=1 in E+ and a u0 > 0 in E
with lim sup
n→∞
‖u0+un‖ = ‖u0‖. Since ‖u0‖ 6 ‖u0+un‖, then lim
n→∞
‖u0+un‖ =
‖u0‖. Denote vn := u0 + un. By [9, Cor.3.6], un
uo
−→ 0 and hence vn
uo
−→u0.
Since E is a σ-BL-space and lim
n→∞
‖vn‖ = ‖u0‖, then ‖vn − u0‖ → 0, which
is impossible in view of ‖vn − u0‖ = ‖u0 + un − u0‖ = ‖un‖ = 1.
Assume that the norm in E is not order continuous. Then, by the Fremlin–
Meyer-Nieberg theorem (see for example [2, Thm.4.14]) there exist y ∈ E+
and a disjoint sequence ek ∈ [0, y] such that ‖ek‖ 6→ 0. Without lost of
generality, we may assume ‖ek‖ = 1 for all k ∈ N. By the σ−Dedekind
completeness of E, for any sequence αn ∈ R+ there exist the following
vectors
(2.1) x0 =
∞∨
k=1
ek, xn = α2ne2n +
∞∨
k=1,k 6=n,k 6=2n
ek (∀n ∈ N).
Now, we choose α2n > 1 in (2.1) such that ‖xn‖ = ‖x0‖ for all n ∈ N.
Clearly, xn
uo
−→x0. Since E is a σ-BL-space then ‖xn − x0‖ → 0, violating
‖xn − x0‖ = ‖(α2n − 1)e2n − en‖ = ‖(α2n − 1)e2n + en‖ > ‖en‖ = 1.
Obtained contradiction shows that the norm in E is order continuous.
(3)⇒ (1) If E is not a Brezis - Lieb space, then there exists a net (xα)α∈A
in E such that xα
uo
−→x and ‖xα‖ → ‖x‖ but ‖xα−x‖ 6→ 0. Then |xα|
uo
−→|x|
and ‖|xα|‖ → ‖|x|‖.
Notice that ‖|xα| − |x|‖ 6→ 0. Indeed, if ‖|xα| − |x|‖ → 0 then (xα)α∈A is
eventually in [−|x|, |x|] and then (xα)α∈A is almost order bounded. Since
E is order continuous and xα
uo
−→x, then by [10, Pop.3.7.] ‖xα − x‖ → 0,
which is impossible. Therefore, without lost of generality, we may assume
that xα ∈ E+ and, by normalizing, also ‖xα‖ = ‖x‖ = 1 for all α.
Passing to a subnet, denoted again by xα, we may assume
(2.2) ‖xα − x‖ > C > 0 (∀α ∈ A).
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Notice that x > (x−xα)
+ = (xα−x)
− uo−→ 0, and hence (xα−x)
− o−→ 0. The
order continuity of the norm ensures
(2.3) ‖(xα − x)
−‖ → 0.
Denoting wα = (xα − x)
+ and using (2.2) and (2.3), we may also assume
(2.4) ‖wα‖ = ‖(xα − x)
+‖ > C (∀α ∈ A).
In view of (2.4), we obtain
(2.5) 2 = ‖xα‖+ ‖x‖ > ‖(xα − x)
+‖ = ‖wα‖ > C (∀α ∈ A).
Since wα
uo
−→(x− x)+ = 0 then, for any fixed β1, β2, ..., βn,
(2.6) 0 6 wα ∧ (wβ1 + wβ2 + ...+ wβn)
o
−→ 0 (α→∞).
Since xα
uo
−→x, then xα ∧ x
uo
−→x ∧ x = x and so xα ∧ x
o
−→x. By the order
continuity of the norm, there is an increasing sequence of indices αn in A
with
(2.7) ‖x− xα ∧ x‖ 6 2
−n (∀α > αn).
Furthermore, by (2.6), we may also suppose that
(2.8) ‖wα ∧ (wα1 + wα2 + ...+ wαn)‖ 6 2
−n (∀α > αn+1).
Since
∞∑
k=1,k 6=n
‖wαn ∧wαk‖ 6
n−1∑
k=1
‖wαn ∧ (wα1 + ...+ wαn−1)‖+
∞∑
k=n+1
‖wαk ∧ (wα1 + ...+wαk−1)‖ 6 (n− 1) · 2
−n+1+
∞∑
k=n+1
2−k+1 = n2−n+1,
(2.9)
the series
∞∑
k=1,k 6=n
wαn ∧wαk converges absolutely and hence in norm for any
n ∈ N. Take
ωαn :=
(
wαn −
∞∑
k=1,k 6=n
wαn ∧ wαk
)+
(∀n ∈ N). (2.10)
First, we show that the sequence (ωαn)
∞
n=1 is disjoint. Let m 6= p, then
ωαm ∧ωαp =
(
wαm−
∞∑
k=1,k 6=m
wαm ∧wαk
)+
∧
(
wαp−
∞∑
k=1,k 6=p
wαp ∧wαk
)+
6
(wαm −wαm ∧ wαp)
+ ∧ (wαp − wαp ∧ wαm)
+ =
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(wαm − wαm ∧ wαp) ∧ (wαp − wαm ∧ wαp) = 0.
By (2.9),
‖wαn − ωαn‖ =
∥∥∥∥wαn −
(
wαn −
∞∑
k=1,k 6=n
wαn ∧ wαk
)+∥∥∥∥ =
∥∥∥∥wαn −
(
wαn −wαn ∧
∞∑
k=1,k 6=n
wαn ∧wαk
)∥∥∥∥ =
∥∥∥∥wαn ∧
∞∑
k=1,k 6=n
wαn ∧wαk
∥∥∥∥ 6
‖
∞∑
k=1,k 6=n
wαn ∧wαk‖ 6 n2
−n+1. (∀n ∈ N). (2.11)
Combining (2.11) with (2.5) gives
2 > ‖wαn‖ > ‖ωαn‖ > C − n2
−n+1 (∀n ∈ N). (2.12)
Passing to further increasing sequence of indices, we may assume that
‖wαn‖ →M ∈ [C, 2] (n→∞).
Now
lim
n→∞
∥∥∥∥M−1x+ ‖ωαn‖−1ωαn
∥∥∥∥ =M−1 limn→∞ ‖x+ ωαn‖ = [by (2.11)] =
M−1 lim
n→∞
‖x+ wαn‖ = [by (2.3)] =M
−1 lim
n→∞
‖x+ (xαn − x)‖ =
M−1 lim
n→∞
‖xαn‖ =M
−1 = ‖M−1x‖,
violating the the Brezis - Lieb property for u0 =M
−1x and un = ‖ωαn‖
−1ωαn ,
n > 1. The obtained contradiction completes the proof. 
The next fact is a corollary of Theorem 4 which states a Brezis - Lieb’s type
lemma for nets in Lp.
Corollary 1. Let fα
uo
−→ f in Lp(µ), (1 6 p <∞), and ‖fα‖p → ‖f‖p. Then
‖fα − f‖p → 0.
We do not know where or not implication (2)⇒ (3) of Theorem 4 holds true
without the assumption that the Banach lattice E is σ−Dedekind complete.
Question 1. Does every σ−Brezis - Lieb Banach lattice have order contin-
uous norm?
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In the proof of (2) ⇒ (3) σ−Dedekind completeness of E has been used
only for showing that E has order continuous norm. So, any σ−Brezis -
Lieb Banach lattice has the Brezis - Lieb property. Therefore, for answering
in positive the question of possibility to drop σ−Dedekind completeness
assumption in Theorem 4, it is sufficient to have the positive answer to the
following question.
Question 2. Does the Brezis - Lieb property imply order continuity of the
norm?
In the end of the section we discuss possible generalizations of Brezis - Lieb
spaces and Brezis - Lieb property. To avoid overloading the text, we restrict
ourselves with the case of multi-normed Brezis - Lieb lattices, postponing
the discussion of locally solid Brezis - Lieb lattices to further papers.
A multi-normed vector lattice (shortly, MNVL) E = (E,M) (see [5]):
(a) is said to be a Brezis - Lieb space if
[xα
uo
−→x0 & m(xα)→ m(x0) (∀m ∈ M)]⇒ [xα
M
−→x0].
(b) has the Brezis - Lieb property, if for any disjoint sequence (un)
∞
n=1 in
E+ such un does not converge in M to 0 and for any u0 > 0, there exists
m ∈ M such that lim sup
n→∞
m(u0 + un) > m(u0).
A σ-Brezis - Lieb MNVL is defined by replacing of nets with sequences.
By using the above definitions one can derive from Theorem 4 the following
result, whose details are left to the reader.
Corollary 2. For an MNVL E with a separating order continuous multi-
norm M, the following conditions are equivalent:
(1) E is a Brezis - Lieb space;
(2) E is a σ−Brezis - Lieb space;
(3) E has the Brezis - Lieb property.
3. Operator version of Brezis - Lieb’s lemma in convergent
vector spaces
In this section, we consider both complex and real vector spaces and vector
lattices. A convergence “
c
−→” for nets in a set X is defined by the following
conditions:
(a) xα ≡ x⇒ xα
c
−→x, and
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(b) xα
c
−→x⇒ xβ
c
−→x for every subnet xβ of xα.
A mapping f from a convergence set (X, cX ) into a convergence set (Y, cY )
is said to be cXcY−continuous (or just continuous), if xα
cX−−→x implies
f(xα)
cY−→ f(x) for every net xα in X.
A subset A of (X, cX) is called cX−closed if A ∋ xα
cX−−→x ⇒ x ∈ A. If the
set {x} is cX−closed for every x ∈ X then cX is called T1-convergence. It
is immediate to see that cX ∈ T1 iff every constant net xα ≡ x does not
cX−converge to any y 6= x.
Under convergence vector space (X, cX) we understand a vector spaceX with
a convergence cX such that the linear operations in X are cX−continuous.
(E, cE) is a convergence vector lattice if (E, cE) is a convergence vector space
which is a vector lattice where the lattice operations are also cE−continuous.
For further references see [1, 2, 4].
Motivated by the proof of the famous Brezis - Lieb’s lemma [3, Thm.2], we
present its operator version in convergent spaces.
Given a convergence complex vector space (X, cX ); two convergence complex
vector lattices (E, cE) and (F, cF ), where F is Dedekind complete; an order
ideal E0 in E+ − E+; and a cE0oF−continuous positive linear operator T :
E0 → F , where oF stands for the order convergence in F . Furthermore, let
J : X → E be cXcE−continuous, J(0) = 0, and, for every ε > 0, let there
exist two cXcE−continuous mappings Φε,Ψε : X → E+ with
(3.1) |J(x+ y)− Jx| 6 εΦεx+Ψεy (∀x, y ∈ X).
Theorem 5 (An operator version of Brezis - Lieb’s lemma for nets). Let
X, E, E0, F , T : E0 → F , and J : X → E satisfy the above hypothe-
sis. Let (gα)α∈A be a net in X satisfying gα
cX−−→ 0, let f ∈ X be such that
|Jf |,Φεgα,Ψεf ∈ E0 for all ε > 0, α ∈ A, and let some u ∈ F+ exist with
TΦεgα 6 u for all ε > 0, α ∈ A. Then
T
(
|J(f + gα)− (Jf + Jgα)|
)
oF−→ 0 (α→∞).
Proof. It follows from (3.1) that
|J(f + gα)− (Jf + Jgα)| 6 |J(f + gα)− Jgα|+ |Jf | 6 εΦεgα +Ψεf + |Jf |,
and hence
|J(f + gα)− (Jf + Jgα)| − εΦεgα 6 Ψεf + |Jf | (ε > 0, α ∈ A).
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Thus
(3.2) 0 6 wε,α :=
(
|J(f + gα)− (Jf + Jgα)| − εΦεgα
)
+
6 Ψεf + |Jf |
for all ε > 0 and α ∈ A. It follows from (3.2) and from cXcE−continuity of
J and Φε, that E0 ∋ wε,α
cE−→ 0 as α→∞. Furthermore, (3.2) implies
(3.3) |J(f + gα)− (Jf + Jgα)| 6 wε,α + εΦεgα (ε > 0, α ∈ A).
Since T > 0 and TΦεgα 6 u, we get from (3.3)
(3.4) 0 6 T
(
|J(f + gα)− (Jf + Jgα)|
)
6 Twε,α + εTΦεgα 6 Twε,α + εu
for all ε > 0 and α ∈ A. Since F is Dedekind complete and T is cE0oF−conti-
nuous, Twε,α
oF−→ 0, and in view of (3.4)
0 6 (oF )− lim sup
α→∞
T
(
|J(f + gα)− (Jf + Jgα)|
)
6 εu (∀ε > 0).
Then T
(
|J(f + gα)− (Jf + Jgα)|
)
oF−→ 0. 
(1) Replacing nets by sequences one can obtain a sequential version of
Theorem 5, whose details are left to the reader.
(2) In the case of F = R andX = E = L0(µ) with the almost everywhere
convergence, E0 = L
1(µ), Tf =
∫
fdµ, and J : X → E given by
Jf = j ◦ f , where j : C → C is continuous with j(0) = 0 such that
for every ε > 0 there exist two continuous functions φε, ψε : C → R+
satisfying
|j(x+ y)− j(x)| 6 εφε(x) + ψε(y) (∀x, y ∈ C),
we obtain Theorem 1, which is the classical Brezis - Lieb’s lemma [3,
Thm.2], from Theorem 5, by letting Φε(f) := φε ◦ f and Ψε(f) :=
ψε ◦ f .
References
[1] C. D. Aliprantis and O. Burkinshaw, Locally solid Riesz spaces with ap-
plications to economics, second ed., Mathematical Surveys and Mono-
graphs, Vol. 105, American Mathematical Society, Providence, RI, 2003.
[2] C. D. Aliprantis and O. Burkinshaw, Positive operators, Springer, Dor-
drecht, 2006, Reprint of the 1985 original.
10 E. Y. EMELYANOV1,2 AND M. MARABEH3
[3] H. Brezis and E. Lieb, A relation between pointwise convergence of func-
tions and convergence of functionals, Proc. Amer. Math. Soc. 88(3),
486-490 (1983)
[4] Y. A. M. Dabboorasad and E. Y. Emelyanov, Survey on unbounded con-
vergence in the convergence vector lattices, Vladikavkaz Math. J. 20(2),
(2018)
[5] Y. A. M. Dabboorasad, E. Y. Emelyanov and M. A. A. Marabeh,
um-Topology in multi-normed vector lattices, Positivity 22(2), 653-667
(2018)
[6] Y. A. M. Dabboorasad, E. Y. Emelyanov and M. A. A.
Marabeh, uτ -Convergence in locally solid vector lattices, Positivity
https://doi.org/10.1007/s11117-018-0559-4 (2018)
[7] E. Y. Emelyanov and M. A. A. Marabeh, Two measure-free versions of
the Brezis-Lieb lemma, Vladikavkaz Math. J. 18(1), 21-25 (2016)
[8] N. Gao, D. H. Leung and F. Xanthos, Duality for unbounded order con-
vergence and applications, Positivity https://doi.org/10.1007/s11117-
017-0539-0 (2017)
[9] N. Gao, V. G. Troitsky and F. Xanthos, Uo-convergence and its appli-
cations to Cesa´ro means in Banach lattices, Isr. J. Math. 220, 649-689
(2017)
[10] N. Gao and F. Xanthos, Unbounded order convergence and application
to martingales without probability, J. Math. Anal. Appl. 415, 931-947
(2014)
[11] M. Marabeh, Brezis-Lieb lemma in convergence vector lattices, Turkish
J. of Math. 42, 1436-1442 (2018)
[12] C. P. Niculescu, An overview of absolute continuity and its applications,
Internat. Ser. Numer. Math. 157, Birkhauser, Basel, 201-214 (2009)
1 Middle East Technical University, 06800 Ankara, Turkey
E-mail address: eduard@metu.edu.tr
2 Sobolev Institute of Mathematics, 630090 Novosibirsk, Russia
E-mail address: emelanov@math.nsc.ru
3Department of Applied Mathematics, College of Sciences and Arts, Pales-
tine Technical University-Kadoorie, Tulkarem, Palestine
E-mail address: mohammad.marabeh@ptuk.edu.ps, m.maraabeh@gmail.com
